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Some aspects of simultaneous rational approximation of a function f(z) and its
derivatives on the unit circle are investigated. The function f(z) is assumed to
be analytic in some annulus containing the unit circle, and given a nonnegative
integer /,

I/ =max{|lf9),,:0< i<},

where |||/, is the usual L, norm (1< p< o) on the unit circle. It is shown that
the polynomial of simuitaneous best approximation in the above norm, is just a
polynomial of best approximation to f), suitably integrated. Further, sharp
asymptotic results are obtained for the case where the order of the derivative,
namely /, tends to infinity. For example, if f is meromorphic in C of finite order p,
with v poles in all, none lying on the unit circle, and if 0< u <min{1, 1/p}, then
limsup (min max | /Y — RD||, )/mlosm = gr—1e,
mes ReR,, 0<js pm

© 1985 Academic Press, Inc.

1. INTRODUCTION

Although quite a lot of attention has been given to simultaneous rational
or polynomial approximation of a function and its derivatives on a real
interval [7-9], not much has been written about this problem in the com-
plex domain. Furthermore, as far as the authors can determine, no one has
investigated (for either real intervals or complex domains) the asymptotic
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behaviour of the error when the order of the derivative tends to infinity at
the same time as the degree of the approximating rational (or polynomial)
functions tends to infinity.

In Section 3, we assume that f is meromorphic of finite order p, and
using elementary methods, we establish results on the asymptotic
behaviour of the error. Theorem 3.2 deals with the case when f may have
infinitely many poles, while in Theorem 3.3, a result which is more general
in one direction, is obtained for the case where f has poles of finite total
multiplicity.

In Section 4, we obtain converse results expressing the order of a
meromorphic function with finitely many poles in terms of the asymptotic
behaviour of the error. Theorem 4.2 deals with the case of approximation
by polynomials. The more difficult case of approximation by rational
functions with denominator of fixed positive degree, is treated in our main
result, Theorem 4.5. The forward and converse assertions of Sections 3
and 4 are summarized in Corollaries 4.3 and 4.6.

It is well known that the partial sums of the Maclaurin series of an entire
function f are asymptotically the best possible polynomial approximations
to f on a circle. The results in this note show that similar statements are
true for simultaneous rational approximations to a meromorphic function.
More precisely, if f= g/h, where g is entire of finite order, and 4 is a
polynomial, then partial sums of g divided by 4 yield asymptotically sharp
rational approximations of fixed denominator degree, to f. In that sense,
this paper presents no surprises.

In Section 5, two extensions of the results in Sections 3 and 4 are men-
tioned without proof. Finally, in Section 6, we investigate the role of the
last derivative and show that the polynomial of best approximation of f in
the norm

1Al =max{| fPl,,:0< <},

is just a polynomial of best approximation to £, suitably integrated. This
is the complex analogue of a result of Meir and Sharma [8].

2. NOTATION

Let r>0. We denote by .« the class of functions analytic in some
annulus {z:r—¢<|z| <r}, where ¢>0 may depend on the function. For
each fe o« and 1< p< 0, we let

1 2 ) 1/p
lim {ﬂj |fse’9)|"d9} ,  1<p<w
1 lpe=1" ’

lim {F.“fx £}, p= o,

s> r—
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whenever these norms are defined. Further for all nonnegative real num-
bers /, for all r>0 and 1< p< o0, we set

||f||p,r,l= max ”f(j)”p,r
o< /<!

whenever these norms are defined.

For nonnegative integers m and n, 2, denotes the class of polynomials of
degree at most m, and 4, denotes the class of rational functions of type
(m, n) (ie., rational functions with numerator of degree at most m and
denominator of degree at most n). If fe o/ and || f],,,< oo, we let

ef(l;m; n; p)= min £ =Rl @1)

so that e{l; m;n; p) is the error in best approximation of f by rational
functions of type (m, n) in the norm |-[[,,, It is easy to see that the
minimum in (2.1) is actually attained by some Re &,,,, but it is known
that R need not be unique. Finally, [ x] denotes the largest integer <x.

3. AsYMPTOTIC RESULTS

In this section the asymptotic behaviour of e,(I; m; n; p) is investigated
when f is meromorphic of finite order. The case where / is fixed is very
similar to the case /=0 and so we study the more interesting case where /
approaches infinity as m, and possibly n, approach infinity. For
definiteness, we let /= um, where u is a fixed nonnegative number.

LEMMA 3.1. Let O0<e<1. Let f(z)= g(z)/h(z), where both g, h are
analytic in {z:|z| <1+ 2e}. Further let h have no zeroes in the annulus
A={z:1-2e<|z| <1+2¢}. Let R=P/Q, where P, Q are polynomials and
Q has no zeroes in A. Then for any positive integer |,

_ymax{llh— Qllwirer 18— Pllw,ise)
— Rl <K e — Lre)
I/ = Rlpi<Kilte min{|Q()]: []=1%¢)

(3.1)

Where Kl = 1 +max{“f||oo,l+s’ “f”oo,l—e}'

Proof. Fix z such that |z| = 1. Consider the circle C, centre z, radius &.
As f— R is analytic inside and on C, for j >0,

4 1 -
T e e

<jle/max{|(f— R)(O)I: [t =1xe}, (3.2)

dt
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by the maximum modulus principle. Now for |#| =1 +¢,

I(f = R)(2)l = | g(1 (@ — h)(2) + h(1)(g — P)(1)/1h(2) Q(2)]
<@ {IAD1- U@ —h)(@D) + (g —P)2)}
SKymax{[|Q —hll oo 8= Plloosse}

+min{|Q(1)|: [t| =1+te}, (3.3)

by analyticity of g, . Now (3.1) follows from (3.2) and (3.3). |

As a consequence of this lemma, we can prove a result for meromorphic
functions, which is related (for u=0) to Theorem 3 in Karlsson [5].

THEOREM 3.2. Let f be meromorphic in C with no poles on the unit circle.
Further let f have order at most p < oo and let 0< u< o0, 1 < p< 0. Then

lim sup e (um; m; m; p)V/mioem L et VP, (34)

(If p=0,e ' is taken as 0.)

Proof. Using elementary theory of meromorphic functions [4], we can
write /= g/h, where g, h are entire and have at most order p. Further as f'is
analytic on the unit circle, we can assume there exists 0 < ¢ < 1 such that A
does not vanish in th annulus 4= {z:1 —2e<|z| <1+ 2¢}.

Let P,, Q,, be the (m + 1)th partial sums of the Maclaurin series of g, 4,
respectively. Then for large m, Q,, has no zeroes in A and

lim (min{|Q,,(¢)I: [t|=1xe})=min{|A(s)|: |t|=1+¢} >0. (3.5)
If /=I(m)= [um], Stirling’s formula shows that

lim [1l/mloem = oi, (3.6)

m— oG

Finally it follows trivially from the rate of convergence to 0 of the
Maclaurin series coefficients of entire functions of order <p [6,
Theorem 27, that

lim sup “g _ Pm“ 1/mlogm <e~ l/ﬂ’

w,l +¢
mo e (3.7)
lim sup ||h— QI /778" <e™ .
nm — oC

Now (3.4) follows from (3.1), (3.5), (3.6) and (3.7). |

It seems likely that one can replace the right-hand side of (3.4) by
max{e' 7, e#0-YP} if u>1. We are able to prove this sharpened
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estimate under the additional restriction that f has poles of finite total mul-
tiplicity. Although we formulate Theorem 3.3 for approximation by
elements of #,,,, one can replace v in the left-hand side of (3.8) by any
sequence of integers no smaller than v.

THEOREM 3.3. Let f be meromorphic in C with poles of total multiplicity
v < 00, none lying on the unit circle. Further, let f have order at most p < oo,
and let 0< u< oo and 1 < p< 0. Then

{eu~l/p, u<l1

lim sup e {um; m; v; p)/mloem <
p f(;u' s 178y ,P) X max{el_l/p’eu(l—l/ﬂ)}’ u>1

m— O

(3.8)

Proof. 1If u<1, the proof is very similar to that of Theorem 3.2: Write
f=g/h, where g is entire of order at most p < o0 and 4 is a polynomial of
degree v having no zeroes on the unit circle. We then choose P,,, Q,, as in
Theorem 3.2 and obtain (3.8) for u< 1.

Now suppose u>1. We can write f=f*+ R* where f/* is entire of
order at most p and R* (the principal part of f) is a rational function of
type (v—1, v). Now if P is any polynomial of degree <m —yv, then P+ R*
is a rational function of type (m, v). Thus

er(ums s v; p) < min [(£*+ R*)= (P+ R*)l 1 (39)
<max{e,«(m—v;m—v;0;p), max  [f*P| },
m—v+1<j<um

since PV=0 if j>m—v, Pe#, ,. From what we already know for the
case u<1, and as v is fixed,

lim sup eo(m —v; m—v; 0; p)/mo8m Ll 1P, (3.10)

m-— oo

Next, let m —v+ 1 < j< um and apply Lemma 3.1 to f/* (with g=f*—P,
h=1¢=1,0=1). We obtain
I/ *OU .y =min{(|(f* = P)|,,: PeP_,}
<Ky jimin{]f* =Pl PeP_,}, (3.11)
where K| depends only on f*. Using (3.11), Stirling’s formula, and the fact
that /* has order <p, we see

lim sup ( max ”f*(j)”p,l i/ tog m

m— oo m—v+l<j<um

< lim sup ( max el log j)(1 — l/p))l/m log m

m— o m—v+1<j<pum

=max{e' ", et - VMY (3.12)

Now (3.9), (3.10), and (3.12) yield the resuit. |
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The difference between the cases u < 1 and u > 1 evidently arises from the
fact that for u> 1, the order of the derivative (namely [um]) exceeds the
order of the rational or polynomial approximation.

4. CONVERSE RESULTS

As a first step towards establishing a converse result for Theorem 3.3, we
prove

LemMa 4.1, Let f(z)=372, f;2’ be analytic in |z| <1. Let 1< p< 0.
Further let A be an infinite sequence of positive integers. Assume there exist
finite 0 and finite nonnegative u such that

lim sup e (um; m; 0; p)'/m1°8™ < €. (4.1)
e d

Let p be the number uniquely defined by the following equations:
l/jp=u—=6 if pu<l,
=1-6 if pu>1 and 0<0, (4.2)
=1-—6/u if u>1and 6=0.
Then if O<u<1 or if <0,

lim sup | f,,, |/ 8" eV, (4.3A)

m — o
meA

while if p>1 and 620,

lim sup (max{|f;|'"7/"°8/: ym + 1 < j<pu(m+1)})<e™ .  (4.3B)
et

Proof. We prove first (4.3B). Let /=[um]. Then if um+1<j<
u(m+1)and Pe?,, we have for r< 1,

f=(f= PP Q))jt=[(f ~ PY"19~" (Ot

F— !
_ (j '1)71_] (f——P)(I) (Z)Z‘(~i_1+l)dz.
J: Tz =1

As P was any polynomial of degree <m and as the L, norm increases
monotonically with », we deduce

I <{(G=DYj!} e/(um; m; 0; p). (44)
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Now lim,,_, ., j/m=pu uniformly for the range of j considered while
lim,,_, ., I/m= u. Using Stirling’s formula, we deduce

lim sup (max{((j— D)7 yum+1<j<puim+1)})=e"1.  (45)

Further from (4.1), (4.2), we see that

lim sup (max{e (um; m; 0; p)'/'°%/: ym+ 1< j< p(m+1)})
Tmed

et =l Ve, (4.6)

Then (4.3B) follows from (4.4)-(4.6).
The cases where 0 < u<1 or 8 <0 are easier: Let 4~ =min{y, 1} and
I=[u~m]. As before one obtains

| fon s dl < {(m+1=DY(m+ 1)1} ef(um; m; 0; p),
and using (4.1) and (4.2),
lim sup | £, /"8 < ® lim sup {(m+ 1 —I)!/(m+ 1)1 }/mtem
) =¥ H :e“/”. 1

We can now prove the converse of Theorem 3.3 for the case v=0, in
which there is no restriction on the size of u.

THEOREM 4.2. Let f(z) be analytic in |z| <1. Let 1< p< 0. Assume
there exist finite 6 and finite nonnegative u such that

lim sup e (um; m; 0; p)/m1oem < €.

m — a0

Let p, the number uniquely defined by the equations (4.2), be positive. Then f
is the restriction to {z: |z| <1} of an entire function of order at most p.

Proof. Write f(z)=372, f;2’. By Theorem 2 in [6], it suffices to show

lim sup | fj| '8/ < e~ V7. 4.7)
j— oo
Now (4.1) holds for A being the sequence of all positive integers. In the
cases where u<1 or <0, (4.7) follows from (4.3A). In the case where
u>1and 620, (4.7) still follows from (4.3B), since the set of all positive
integers exceeding u is contained in the set

U {rmm+1<j<um+1)}. 1

=1

640/44/3-2
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We note that p, defined by (4.2), is positive provided 6 < u, and that this
latter condition is satisfied in Theorem 3.3 (with the obvious choices of ).
As an immediate corollary of Theorems 3.3 and 4.2 we have

COROLLARY 4.3. If f(z) is entire of order p<co and if 1 <p< oo, we
have

lim sup e, (um; m; 0; p)'/™ e

n — 0

eﬂ—l/ﬂ’ ,usl
max{e' Vo, et VY >

The converse of Theorem 3.3 for v >0 seems much harder, and we can
prove it only for u, p such that 8 <0 in (4.2). The techniques used below
are largely due to Cirka [1], Grigorjan [3] and both their work owes
much to Gon¢ar. First, we note the following lemma from [1, p. 126]:

LemMMA 4.4. Let Q(z) be a polynomial of degree <m normalized so that
1Qll o1 =1. Then the set {z:|z| <e~ "> |Q(z)| <&™} can be covered by a
finite number of balls, the sum of whose diameters does not exceed Ag'?,

where A is an absolute constant.

THEOREM 4.5. Let fe A,. Assume there exist 1< p<o0,0<u<oo,
0 <0 and a nonnegative integer v such that

lim sup e (um; m; v; p)/m1o8™ < ef. (4.8)

m— o

Let p be the number uniquely defined by Egs. (4.2). Then f is the restriction
of a function meromorphic in C of order at most p < oo and with poles of
total multiplicity <v < 0.

Proof. We prove this in steps. Let Re %, satisfy ||f—R,l, 1 um=
elum;m;v; p)ym=1,2,..

Step 1. Let A={m,}¥_, be an increasing sequence of integers such
that

<m <2, k=1,2,3,.. (4.9)

We show that as m — oo, me A4, R’ converges outside a thin set for
j=0,1,2,... Write g,=R,, ., — R,,,= P;,o/Q,, a rational function of type
(M 41+ v, 2v). We normalize Q, so that |Q,|| . ; = 1. By induction on j, we
see that

g(2)= P (2)(Qu(2)/ Y, (4.10)
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where P, ; is a polynomial of degree at most m; ., +v+ (2v—1)j. Then
for 0< j< umy, (4.9) shows that P, ; has degree at most 4, m,, where 4, is
independent of j and k.

Next, if 0 <n < 1 is fixed, Cauchy’s integral formula and (4.10) show that

1Pl oot —n <07 NP o <718 M50
=17 = Ry )+ (R, = )1 (4.11)

Let ¢, =exp(—log m/loglog m,) and r,=logm,, k=1, 2,... Further let
.= {z:1z] <e; V3, |Qw(z)| <&'}. Then for all 0< j<umy, all |z| <rg,
z ¢ &, we have by (4.8), (4.10), (4.11), and the Walsh-Bernstein lemma [ 11,
p. 771,

g <& YV VUP il oy
S 2t D(r /(1 —n))yhm NPl o1 —

< emlogmi( + (1)) (4.12)

Here, of course, the o(1) term is independent of z and j.

Now, by Lemma 4.4, &, can be covered by open balls, the sum of whose
diameters does not exceed Ae;”. Let # ={J,,, &. Then £ is covered by
balls, the sum of whose diameters is at most 43", . &}>—> 0 as k - oo (by
(49) and our choice of ¢,). Since 8 <0, we deduce from (4.12) that for
lzl <7y, 2¢ F,

Z gsj)(z) Semklogrnk(9+o(l))
Izk
and so
lim R{)(z)= fi(z) (say)
e

exists. Further, if m =m,, we have uniformly for |z| <r, such that z¢ %,

max _|f(z)—-RP()| = max |T gi(2)
0 < pm 0K/ um Izk
<emlogm(0+0(1))_ (413)

Step 2. Choose a subsequence A, of A such that as m — o0, me 4,, the
poles of R,, converge to at most v points o, o,,..., &,, say. We show that f
may be continued analytically to C\{«,, «,,.., «,}, and that R,, — f in this
latter set, as m — o0, me A,.

Let 0 <é < 1. For large m'=m,. € A,, %, can be covered by balls whose
sum of diameters is less than J. Hence one can find circles centered on
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oy, Usy,..., o, Of radius between & and 26, and a large circle C, centre 0, with
radius between 1/6 —d and 1/d not intersecting %,.. We can assume J is so
small that none of these circles intersect. Let 2 denote the bounded con-
nected open set whose boundary 62 is formed by these circles. Since
F.cF. for k=k', we see 2 does not intersect %, for k= k'.

Furthermore, for large me A, R,, is analytic inside 2 and on 62, and
by (4.13), {R{},,c 4, is uniformly bounded on 62 for each j >0, and con-
verges on 02. By the convergence-continuation theorems (Stieltjes—Vitali
theorem), RY converges uniformly in 9 to a function f; analytic in 2 as
m— oo, me A,. Furthermore as 2 has nonempty intersection with the
open annulus in which f is analytic, we see from (4.8) and (4.13) and well-
known uniqueness results in H, spaces of finitely connected domains that
fo continues f analytically to 2. The uniform convergence of {R{},,. 4, to
/, ensures that f,=f{)= f\.

Finally, as 6 >0 was arbitrary, it follows that f can be continued to a
function analytic in C\{«a,, a,,.., a,}. It is easy to see that f can have at
most poles of total multiplicity v < co. For if S, is the denominator of
R,,, me A,, normalized to be a monic polynomial of degree at most v, we
know

lim R,(z)S,.(z)=1(2) ﬁ (z—a) (4.14)
n—+ oo k=1

me A

uniformly in compact subsets of C\{a,, a,,.., a,}. Since each R, S, is a
polynomial, these functions must converge as m—oco,med, for
z=0a,, d,,.., &, also, and so the right-hand side of (4.14) is entire. Hence f
has poles of total multiplicity at most v.

Step 3. We show f has order at most p. Write f=f*+% and
R, =P%+ 2, where 2, P} are, respectively, the principal parts of f and
R, in C. It is easy to see then that 2\, () are the principal parts of
S, R, respectively, in C. Furthermore we see f* is entire and 2* is a
polynomial of degree at most m.

Let A}, 9, C, and 2 be as in Step 2. Recall that C was a circle with cen-
tre 0 of diameter between 1/6 and 1/6 — 4. By (4.13) and as # did not
intersect C for k> k', we have for m=m,,

max max |fU(z)— RY)(z)| S em'oBm@+ol)),
zeC O0<j<spum

By Theorem 1 in Grigorjan [3], there exists K depending only on C such
that for m=m,,

max max |f*U(z)— PXU(2)| < K(2v)(um + 1) g™ los m(@+o(l)),

zeC 0<j<um



SIMULTANEOUS RATIONAL APPROXIMATION 215

As C contains the unit circle in its interior, we deduce

lim sup e/.(um; m; 0; a0 ) /™ 108 ™ . (4.15)
e A

Since A, was any subsequence of A for which the poles of R,,, me A, con-
verged and since f* is independent of A, (being the unique entire part of
the unique analytic continuation of /), we deduce that (4.15) holds with 4,
replaced by A. Finally, because 4 was any sequence for which (4.9) held,
we claim that (4.15) holds with A, replaced by the sequence of all positive
integers. For suppose we can find an increasing sequence A, for which

lim sup e .(pm; m; 0; 00 )"/ 18 ™ > ¢, (4.16)
"me do

We can assume A, = {m, }, where m, >2*, k=1, 2,... By “filling in” gaps
in the sequence 4, in an obvious manner, we can ensure that (4.9) holds
for A,, while (4.16) still holds for the enlarged sequence. This contradicts
(4.15), which holds with A, replaced by A,.

Thus (4.15) holds for the full sequence of positive integers replacing A4,.
By Theorem 4.2, /* has order at most p. Hence f, being the sum of /* and
a rational function, has order at most p. Note that p>0as §<0. |

For u=0, Theorem 4.5 is related to Theorem 2 in Saff [10].

COROLLARY 4.6. Let f be meromorphic in C of order p < oo with poles of
total multiplicity <v < oo, none lying on the unit circle. If either u<1 and
u<l/p, or u>1and 1 —1/p <0, then

et e u<l
: . .y 1/mlogm __ 4 =
llinﬁsgp es(um; m; v; p) B {e‘ i, 1 (4.17)

Jor all 1 < p < 0.

Remarks. (a) It seems certain that (4.17) should hold without the
restrictions on p and p above, provided one replaces e'~!7 by
max{el - 1/P, et —1/0)}_

(b) Even for u=0, (4.17) does not seem to appear in the literature.
There is no possibility of a similar converse result for diagonal rational
approximations. For if we let ¢>0 and f(z) =Y, n~"/(z—a,), where
the {a,} are dense in C\{z: 1 >|z|>1—¢} and |1 —|a,|| = 1/n, n=1,2,..,
then f is analytic only in {z:1>|z|>1—¢}, but

m
- —(n2
lim | f(z)~ Y nm "z, =0.
m= n=1
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Thus (3.4) holds with p =0 for all 4 > 0. So (3.4) does not entail that f can
be continued analytically to a meromorphic or quasi-meromorphic
function outside its annulus of analyticity.

Even for entire functions, a converse result is not possible. As Karlsson
[5, p. 42] remarks, for f(z)=¢?, we have

lim e (0;m; m; 00) /18" = 2=~

but one can construct entire functions f of order p for which

lim sup e (0; m; m; 00 )V/mio8m = g~ 1e,
Still, we offer the following conjecture which will be of interest even for
u=0:
Conjecture. Let f be meromorphic in C and analytic on the unit circle.
Suppose that for some 0 < u<1 and 1< p< oo,
lim sup e, (um; m; m; p) /"8 ot = VP,

m - ¢

Then f is meromorphic of order <p.

5. EXTENSIONS

In this section, we mention without proof two theorems which extend, or
relate to, the results in Sections 3 and 4. First, a result for functions with
finite radius of analyticity.

THEOREM S5.1. (i) Let r>1. Let f(z) be analytic in |z| <r, but not
analytic in |z| <r' for any r' >r. Then for 1 < p< o0 and 0< p< o0,

lim sup e (um/log m; m; 0; p)"/™ = e*/r. (5.1)

(ii) Assume that f(z) is analytic in |z| < 1 and that (5.1) holds for some

1<p<00,0<pu<o0 and r>1. Then f is the restriction to |z| <1 of a
function f analytic in |z| <r, but not in |z| <r' for any r' >r.

Next, we mention an extension of Theorem 3.2 whose proof may be
based upon Theorem 3.2. It is in the same spirit as Theorems 1, 2 in Edrei
[2] and Theorem 1 in Cirka [1]. Let us say that a function f has
singularities of order p < oo in C if it has a representation

£(2)=ho() [ Af1/z—2,))

Jj=1
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where v is a nonnegative integer, z,, z,,.., 2,€C and hg, hy,.., h, are
meromorphic of order pg, p;,.., p,, respectively, with p=3"_, p;.

THEOREM 5.2. Let f have singularities of order at most p < oo in C and
let f be analytic on the unit circle. Then for 0 u< o and 1 < p< o0,

Hm sup e, (um; m; m; p)lmicsm L gp— 1,
p e p

nm — o0

6. THE ROLE OF THE LAST DERIVATIVE

In the previous sections, we have seen the significant role of the “last”
derivative, for most of our estimates were based on the order of decrease of
I(f — R)*™|. We corroborate this role further here by proving that in
some cases the best approximation of f'in the norm |||, ,, is equivalent to
best approximation of /* in the norm |- | ,,. The proof is based upon the
following lemma, which is a complex analogue of a result of Meir and
Sharma [8, Theorem 3].

LEMMA 6.1. Let f(z) be analytic in |z| <r with | f||,,, <o for some
1 < p< o0 and some positive integer . Suppose that fV(0)=0, j=0, 1, 2,...,
{—1. Then for 1 < p< o0, we have

. ¥ )
Lf M., < T I, j=0,1,2.,1-1 (6.1)
and therefore
) < <C|F? 6.2
LN < U lpra < CUL Ol s (62)

where C =max{r//j!: j>0} =max {1, r'1/[r]!}, depends only on r. In par-
ticular for r =1, we have

(VA PRVES P e (63)

Proof. The well-known Cauchy’s formula for the solution of the initial
value problem,

fz)=g(2): f(O)=f'(0)= -+ =f"1(0)=0
yields

js (s—)l=i1

=iy /e

fP(se™)] = ‘
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j=0,1,2,.,1—1,s<r, 0€[0,2n]. This equation may also be proved by
integrating by parts. If we apply Minkowski’s inequality for functions of
two variables, namely

{j U O(h, k) k| dh}wsj {j 'Q(h, k)

to estimate || /] ,,, 1< p < o0, we obtain

. 1 1 2n
N y=——
I fY II,,,S—(l_j_1)! {27tv[0

1 s {1 p2n it U 0 1/p
g(1~j—1)‘vL {ZL (s =)'~/ fO(ee’ )|’d0} dr

P i/p
dh} dk,

1/p

[ (s=1y=r=1 £ (ae®) dt‘p de}

I

s
1l

1 s 4
— N A A1 =
Ty 0 S Ol di =

The last inequality holds for any s <r and this yields (6.1) for 1 < p < o0.
For p= oo, the proof is similar and easier. Finally, (6.2) and (6.3) follow
immediately from (6.1). |

We can now prove our equivalence result.

THEOREM 6.2. Let f(z) be analytic in |z| < 1. Let m and | be positive
integers such that m>1 Let 1< p< o and |fl,,;,<c0. Let Q* be the
polynomial of best approximation of degree at most m—1[ to fV in the norm
||.”p,1’ that isa

I/ —Q*l, =min{|lf©—Pl,,: PeZ,_.}.
Let P* be the polynomial of degree at most m determined by the following
conditions:

P*ON0)= f*U(0), j=0,1,2,.,1—1,
P*) = 0*.

Then P* is a polynomial of best approximation of degree at most m to f in
the norm |-\, ,, that is

If = P*ll,1=e(l;m; 0; p)= || f© = Q*||,,,.
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Proof. Let P be any polynomial of degree at most m. Then

If =Pl = I1f P = PO,

2119~ 0*lp
=[fO-P*7|,,
=/ =P*ll 15

by Lemma 6.1, as (f — P*)(0)=0, j=0, 1,.,/—1. |

Remarks. (a) One can consider the following approximation problem:

min max ”f(kj)—P(k[)”p,r,
Pe®, 0<j<!

where O=ky <k, < '+ <k,<n (Lorentz [7]). Using (6.3) and Theorem 3
in [7], one can show that the polynomial of best approximation for the
above problem is non-unique if f ¢ 2, and r*'/k,! < 1. In particular, this is
always the case if r < 1.

(b) Proceeding in the same way as above one can show that

es(l;m;n; p)=_inf I =R,

€ Rpn

provided m —n =1 and provided the rational functions R are restricted to
have their poles in {z:|z| >1}. In particular under these restrictions, we
have for u<1, v a fixed positive integer and m = v/(1 — p),

e(um; m;v; p)=inf || f*™ —R=™) .
Re Ry
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